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Abstract

In this paper we generalize the results of C.Squier ([1]) in the case of 2-monoids. We give, first,
the definition of )-semigroups and some general results related to the ()-string rewriting
systems, the properties of confluence, termination, Church-Rosser, and so on. Finally, we prove
our main theorem which states that if M is a finitely presented (-monoid which has a
presentation (X; R) involving a finite convergent ()-string rewriting system R, then M has finite

derivation type.
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1. Introduction.

In the recent years string-rewriting systems have been the central theme of numerous
important papers in theoretical computer science and mathematics in general. Now, it is a well
known the fact that if a monoid can be presented by a finite and complete ( that is, noetherian
and confluent) string-rewriting system, then the word problem for this monoid is solvable.
Unfortunately, the property of having a finite and complete string-rewriting system is not
invariant from the given presentation. But, for finitely presented monoids, there exists another
finiteness condition which is introduced by Squier (see [1]) and is called finite derivation type
(or FDT, for short). It is obtained by considering certain binary relations, called homotopy
relations, on the set of paths of the derivation graph (the so called Squier’s complex) that is
associated with a finite presentation (X; R) of the monoid M considered. A monoid has FDT if
the full homotopy relation is generated by a finite set called a homotopy base. Squier proved

that this property is indeed a property of finitely presented monoids, that is, it is an intrinsic
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property of a monoid independent of its presentation. He established the fact that every
monoid that can be presented through a finite convergent presentation does have FDT. Thus,
FDT is one of the necessary conditions that a finitely presented monoid must satisfy in order

that it can be presented by some finite convergent string-rewriting system.

In this paper we generalize these results in the case of (.-monoids. We define, first, the Q-
semigroups as a universal algebra which is a semigroup and in which there is given a system of

binary operations ) satisfying the associative condition:

(v y)a,2)B = (x, (v, 2)B)a

for all x, y,z € S and for each pair of binary operations «, 3.

In the first sections of the paper we define and give some general results related to the ()-string
rewriting systems, the properties of confluence, Noetherian, Church-Rosser, critical peaks, the
word problem for the (0-monoids and so on. The last two sections are dedicated to the property
of finite derivation type (FDT) and the related results of Squier ([1]) generalized in the case of
Q-monoids. We prove here our main theorem which states that if M is a finitely presented (-
monoid which has a presentation (X; R) involving a finite convergent ()-string rewriting system

R, then M has finite derivation type.
2. Preliminaries.

A binary relation on X is a subset R € X X X. If (x,y) € R, then we denote this by xRy and we
say that x is related to y by R. The inverse relation of R is the binary relation R™! € X x X
defined by YR™1x < (x,y) € R. The relation Iy = {(x,x),x € X} is called the identity relation.

The relation (X)? is called the complete relation.

let RS XXX and S € X X X two binary relations. The composition of R and S is a binary

relation S o R € X X X defined by xS o Rz & 3y € X such that xRy and ySz.
A binary relation R on a set X is said to be

1. Reflexive if xRx for all x € X;
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2. Symmetric if xRy implies yRx;
3. Transitive if xRy and yRz imply xRz;
4. Antisymmetric if xRy and yRx imply x = y.

Let R be a relation on a set X. The reflexive closure of R is the smallest reflexive relation R° on

X that contains R; that is,

1. RS R°

2. If R’ is a reflexive relation on X and R € R’, then R° C R’.
The symmetric closure of R is the smallest symmetric relation R on X that contains R; that is

1. RcC Rt

2. If R'isasymmetricrelationon X andR € R’ then R* € R'.
The transitive closure of R is the smallest transitive relation R* on X that contains R; that is

1. RS R

2. If R'isatransitive relationon X and R € R’ then R* C R'.
Let R be a relation on a set X. Then

1. R°=RUIy
2. R*=RUR™!
3. R* = UkZt* Rk,

Let X be an alphabet. A semi-Thue system R over X, for briefly STS, is a finite set R € X* X X~,
whose elements are called rules. A rule (s, t) will also be written as s = t. The set dom(R) of

all left-hand sides and ran(R) of all right-hand sides are defined as follows:
dom(R) = {s € X*,3t € X": (s,t) € R} and
ran(R) = {t € X*,Is € X": (s,t) € R}.

If R is finite, then the size of R is denoted by ||R]|| and is defined as
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IRIT= > sl + 12D,

(s,t)ER
We define the binary relation —5 as follows, where u, v € X™:

u —y v if there exist x,y € X* and (r,s) € R with u = xry and v = xsy. We write u =% v if

there are words ug, U4, ..., u, € X*suchthatuy = u,u; =g U;41,V0<i<n-—1,u, =v.
Ifn=0,wehaveu =v,andifn = 1, then we have u - v.

Note that —j is the reflexive transitive closure of —5. The Thue congruence <} is the
equivalence relation generated by —. If R is a relation on X* and R* denotes the congruence

generated by R then the relations <5 and R* coincide.

A decision problem is a restricted type of an algorithmic problem where for each input there
are only two possible outputs. In other words, a decision problem is a function that associates
with each input instance of the problem a truth value true or false.

Definition 2.2. A graph G is a 5-tuple G = (V, E, o, T,'l) , Where V is the set of vertices and E is
the set of edges of G; o,7: E — V are mappings, which associate with each edge e € E its initial
vertex g(e) and its terminal vertex t(e), respectively.;and "L E - E is a mapping satisfying the

following conditions: e ! # ¢, (e 1)t = e,a(e™) = t(e) and 7(e™1) = o(e) foralle € E.

Definition 2.3. Let G = (V,E, g, T,'l) be a graph, and let n € N. A path in G (of length n) is a
(2n + 1)-tuple p = (vy, €1, V1, «--» Vn—1, €n, V) With vy, v4, ..., v, €V and eq, €5, ..., e, € E such
that o(e;) = v;_; and t(e;) = v; hold for all i = 1,2, ..., n. In this situation p is a path from v,
to v, and the mappings o, 7 can be extended to paths by setting a(p) = vy and t(p) = v,.
For u,v € V, P(u,v) denotes the set of paths in G from u to v. In particular, for each v € V/,

P (v, v) contains the empty path (v).

Also the mapping * can be extended to paths. The inverse path p~1 € P(v,,v,) of p is the
following path p~! = (v, ey, 1, ..., V1, €11, 19). Finally, if p € P(u,v) and q € P(v,w),

then the composite path p o g € P(u, w) is defined in the obvious way.
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It is clear that, the composition of paths is an associative operation, and the empty paths act as
identities for composition. Next, if p € P(u,v), then (p™1)"! =p, and if ¢ € P(v,w) then

(poq)~ ! =q top Ll Finally, if pis an empty path, thenp~! = p.

If G is a graph, then P(G) will denote the set of all paths in G, and P@(G) = {(p,q)|p,q €
P(G)such that o(p) = o(q)and ©(p) = t(q)} is the set of all pairs of paths that have a

common initial vertex and a common terminal vertex.

Definition 2.4. Let G, = (Vy, E1,04,71,7) and G, = (Vy, E,, 05,75, ") be graphs. A mapping from
G, to G, is an ordered pair f = (fy, fg) of functions, where f,,:V; = V, and for each e € E},
feg(e) is a path in G, from f,(o.(e)) to f,(t;(e)). Further, for eache € E;, fg(e 1) =

(fz(€))™! . The mapping f is called a morphism if f; carries edges to edges.
It is clear that a mapping f: G; = G, induces a mapping f: P(G;) = P(G,).

Definition 2.5. Let G = (V,E, 0,7, ") be a graph. A subgraph G; = (V4, E;, 04,71, ") of G consists
of a subset V; of VV and a subset E; of E such that, for all e € E;, 0,(e) = d(e) € V; and

7,(e) = t(e) € V;. Next,e ! € E, forall e € E;.

Definition 2.6.([6]) A type of universal algebras is an ordered pair of a set T and a mapping
w — n, that assigns to each w € T a nonnegative integer n,, the formal arity of w. A
universal algebra, or just algebra of type T is an ordered pair of a set A and a mapping, the type

— T algebra structure on 4, that assigns to each w € T an operation w4 on A of arity n,,.
3. Presentations of 2-monoids.

A semigroup with multiple operators or a (-semigroup is a universal algebra which is a
semigroup and in which there is given a system of binary operations () satisfying the

associative condition:

((xy)a,2)B = (x, (v, 2)B)a

forall x,y,z € S and for each pair of binary operations «, 3.

Let (S, Q), (T, Q) be two Q-semigroups. Then, f:S — T is a homomorphism if
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(o) =(f), f))w,x,y €S, Vw € Q

Next, we define the free (2-semigroup using the concept of the free word algebra of a type T
with the set X as basis, as it is described in [ 6 ]. For the case of ()-semigroups, we agree, first,
that their type is simply a set of binary relations which we denote by (). So, we construct,
inductively, the free Q)-word algebras as follows: denote W, = X, then for k > 0 denote W, the
set of all sequences (y, wy, w,) where wy,w, € Wy,_; and y € Q. For each a € (), we denote by
A, the empty word related to @. Now, we take Wy = Uyso Wy. Writing this in letters, we will
have that W, is the set of all sequences (y,x,y) where y € Q and x,y € X. It is more
convenient to denote these sequences in the form xyy. The product xSz is defined to be x,
and similarly the product of the form A,ay is defined to be y, where 4,4, 15 are the empty
words related to the operators a, 8, respectively. In the next step, W, would have as elements
the sequences (y,w;,w,) where wy,w, € W; and y € Q. If w; = x1y1y1 and w, = X37,Y5,
then (y,wy,w,) would be just the sequence x;y;1Y1YXx,Y2Y2, with our new notations. And this

procedure continues ...
Examples:

1. A semigroup is a set with a single binary operation . Here Q consists of a single element
u of arity two such that the following associative law is satisfied xyuzu = xyzuu for all
x,y,Z€S.

2. A I'-semigroup is a special case of an (-semigroup. Indeed, we define in S binary
operators @:S X S > S such that a@(x,y) = xay,Va € I'. Then, (S,I') is a Q-algebra
where I' = {y:y € I'} satisfying the conditions S (@(x,y),z) = @ (x,[?(y, Z)),Vx, y,Z €
S,afer.

3. Itis clear that the free ()-semigroup defined as above is a 2-semigroup.

We will denote with MX*Q the free Q-monoid on X, that is the set of finite products

X1V1 - Xn-1¥n-1Xn With x4, ..., x, € X,y; € Q,i = 1,2,...,n — 1, including the empty product 1.

It is the smallest {2-submonoid of M containing X.
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If MX*Q = M, we say that X generates M, or that X is a set of generators for M. If X is finite
and generates M, we say that M is a finitely generated {-monoid. If X generates M and no

strict subset of X does, we say that X is a minimal set of generators for M.

Proposition 3.1. If M is a finitely generated {-monoid and X is a set of generators for M, then
there is a finite subset of X which generates M. In particular, any minimal set of generators for

M is finite.

Proof:Indeed, forany y = x4y ... Xp_1¥Vn-1Xn € M with x4, ..., x, € X,y € (1, we get a finite set
X(y) ={x1, ., xp} € X IfY = {y4, ..., ¥in} generates M, so does the finite set X(Y) = X(y;) U
~UX(yn) € X.

Now, if M is a -monoid, then any map f: X — M extends to a unique morphism f: MX*Q -
M.

A presentation ( by generators and relations) is a pair (X; R) where X is an alphabet and R is
the following set R = {(u,v)| u,v € Wx}. The congruence generated by R is defined as

follows:

i.  uau'fv of uav'fv wheneveru,v € MX*Q,a, B € Q,and u'Rv’

ii. x e ywheneverx =xy ©p X1 ©Og ... Op X = .
We denote by Mj the quotient Mz = MX*()/ <% which is a -semigroup.

Indeed, it easily verified that the congruence generated by R, as we defined it, is a Q-
congruence. For this, it's enough to see that
uau'fv ox uav'fv = uau'fryw ox uav'fvyw and uau'fv of uav'fv =
wyuau'fv o wyuav'Bv . Let us denote shortly by p this congruence. Now, for up, vp € Mg

andy € Q, let (up)y(vp) = (uyv)p. This is well-defined, since for all u,v € MX*Q and y € Q,
up=u'pandvp =v'p= (u,u"),(v,v'") € p = (uyv,u'yv), W'yv,u'yv') € p
= (uwyv,u'yv') € p = (wyv)p = W'yv)p

Letu,v,w € MX*Qand y,u € Q. Then, it follows that
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(upyvp)uwp = ((uyv)p)uwp = ((wyvIuw)p = (uy (vuw))p = upy (vuw)p = upy (vpuwp)
and this result completes the proof.

We have a canonical surjection mgz: MX*Q - MX*Q) /<% as well. Moreover, if f:X - M is a
map such that f(x) = f(y) whenever xRy and f : MX*Q — M its extension we obtain a
unique morphism f: MX*Q/<% — M such that f o g = f. If the map f is bijective, we write
M = MX*Q/ox and we say that (X; R) is a presentation of the -monoid M. This means that
the set f(X) generates M, and that f(x) = f(y) if and only if x <} y. If the map f is bijective
and both X and R are finite we say that M is a finitely presented -monoid. And again, if the
map f is bijective, £(X) is a minimal set of generators and no strict subset of R generates the

congruence <5, then we say that (X; R) is a minimal presentation of M.

Lemma 3.2. For any morphism : MX*Q /o - MY*Q /o5 , there is a morphism @: MX*Q —
MY*Q such that mg o @ = f o mp.

Proof:

<

MX*Q - MY*Q
g 4 | g
MX*Q/ey ? MY*Q /o

It is sufficient to define @ (x) for each x € X, and for this we have to use the fact that mg is

surjective.
4. Rewrite rules and reductions.

If (X;R) is a presentation of a Q-monoid , each p = (x,y) € R can be seen as a rewrite rule
p . o upv
x =y, with source x and target y. An elementary reduction is of the form uaxfv — uaypv

where u, v are words and x — y is a rule (as we define it) . A reduction is a finite sequence
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&1 2 ™
X = x0—>x1—>x2 ...xn_1—>xn == y

of elementary reductions. Each rule is considered as an elementary reduction, and any
. . . . r s
elementary reduction is considered as a reduction of length 1. If x—>y and y—>z are
. . . r S .
reductions, we write r * s for the composed reduction x — y = z. Furthermore, there is an

X
empty reduction x - x for any word x € MX*(Q). So we obtain a category of reductions

C(X; R). We call R a Q-string rewriting system.
5. Termination and confluence.

The reduction relation generated by R is the smallest order relation containing R which is

compatible with the product:

uaxfv Y uayfv whenever u,v € MX*Q) and xRy in the sense of definition we give for R;
X =k Y Whenever x = xg =9g X1 =g . 2p Xn = .

r
In other words x =% y whenever there is a reduction x = y and x =y ¥ whenever there is an

elementary one.

We say that a word x is reducible if there is some word y such that x -y y. Otherwise we say
that x is reduced (irreducible). We denote by IRR(R) the set of irreducible words modR. We
say that a property is R-hereditary if, whenever it holds for each y such that x -, y then it also

holds for x. In particular, such a property holds for all reduced words.
Proposition 5.1. For any presentation (X; R) the following properties are equivalent:

i.  Thereis no infinite reduction x, =3 x; =g ... 2r X, =g ... (termination);

ii.  Any R-hereditary property holds for all words (noetherian induction property).

Proof: If x does not satisfy some R-hereditary property, then we can build an infinite reduction
starting from x. Indeed, if P(x) does not hold for some x € X then by our supposition there will

be some x; € X such that x =y x; and P(x;) is false. Continuing this argument we obtain an
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infinite sequence x = x; =g X =g .... But this is a contradiction to our assumption that the

termination property holds. Conversely, termination can be proved by noetherian induction.

In that case, we say that that the presentation is noetherian. This implies that the source of a
rule can never be empty. Moreover, for any word x, there is a reduced word x’ such that

x =g x'.

In order to prove that a presentation (X; R) is noetherian, it suffices to define a termination
ordering for it, that is a strict well-founded ordering < which contains R and which is
compatible with the product. For instance, < may be defined by x <y & |x| < |y| (length-

lexicographical order). We give below the definitions of three other properties, as well:
Church-Rosser property:

If x &% y,thereiszsuchthatx - zandy -3 z.

Confluence:

If x =% yandx =% z, thereist such thaty -»% tand z =} t.

Local confluence:

If x =g yandx —g z, thereis t such that y - tand z =, t.

A noetherian presentation which satisfies one of the above properties is called convergent

(complete).
6. Critical peaks.

As a first step, we define the derivations for the presentation as follows:

A
1) An atomic derivation r — s is given by a pair (r,s) € R,
E
2) An elementary derivation x =y is given by two words u,v € MX*(Q) and an atomic

A
derivation r — s such that x = uarfv and y = uasfv. If u=v =1, we identify E

with the atomic derivation 4,
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. Fo E1 E, Ep
3) A derivation x =y is given by a sequence x = xy = x; = ...— X, = y of elementary

derivations. If n = 1, we identify F with the elementary derivation E;. If n = 0, we get

the identity derivation.

F
Composition of derivations is defined in obvious way. Also, if x,y are words and z—> 2z’ is a

xFy
derivation, the derivation xazfy — xaz' By is defined in the obvious way.

Let (X; R) be a (3-monoid presentation such that the ()-string-rewriting system R is noetherian.

H . . . . El E2 En En+1
This means that there is no infinite sequence x,—- x;—..—x, — ... of elementary

F
derivations. Then for any € MX*Q , there is a derivation x = y where y is reduced which means

that no elementary derivation starts from y. This y is called a normal form of x.

!/

E E

A peak is an unordered pair of elementary derivations x - y and x — y' starting from the same
F

word x. Such a peak is called confluent if there is a word z and two derivations y -z and

FI
y' >z

It is called critical if E # E' and if it is of the form

rav = u'a'r’
Av v N u'A
sav u'a's’
uarfv = r'
uaApfv v N A
uasfv s’

where, in the first case, u' is a strict prefix of r, or equivalently, v is a strict suffix of r’.
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Remarks 6.1.:

= If p=(r,5s)isa confluent peak then g = (s,7) is again a confluent peak. Thus we can
identify g with p.
= |If uis a word and p = (r,5s) is a confluent peak then uap = (uar,uas) and pau =

(rau,sau), a € Q are also confluent peaks.

T S
= |f x> yandz—tare elementary reductions then p = (rz, xs) is a confluent peak. In
the latter case, we say that the elementary reductions (elementary derivations) rz and

xs are disjoint.

So, a peak is critical if it is not of the form uap or pau with u # 1, and if its reductions are

neither equal nor disjoint.
A pair of positive edges with the same initial vertex form a critical peak if either:

i.  One of the pair is both left- and right-reduced ( a critical peak of inclusion type) i.e. it
has the form u,a’u,B'u; where uy, u,, us € MX*Q,a',B' € Q.

ii.  One of the pair is left-reduced but not right-reduced, the other is right-reduced but not
left-reduced, and they are not disjoint ( a critical peak of overlapping type), i.e. it has the
form uBvyw where u,v,w € MX*Q, B,y € Q. In this case, ufv and vyw are the first

coordinates of two pairs from R.
A critical peak of a ()- string rewriting system R is a pair of overlapping rules if

1) (uBv,sy), (vyw,s,) € R,v # A, u,v,w € MX*Q, B,y € Q; and a pair of inclusion type if
2) (uBvyw,s;),(v,s,) € R,u,v,w € MX*Q, B,y € Q.

* *
Also a critical peak is resolved in R if there is a word z such that s;wé = z and us, = z in the
. * *
first case or s; = zand us,w - z.

The following theorem is a generalization of Theorem 2.1.,[2].

Theorem 6.2. If the presentation (X;R) of a (-monoid is noetherian, then the following

properties are equivalent:
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i R is Church-Rosser;

i. If (uBv,sy),(vyw,s;) € R,u,v,w € MX*Q, B,y €I’ with v # 4, then there exists
zZ € MX*Q such that s;w —*>Z and us, —*>Z. If (uBvyw,s;),(v,s,) € R,u,v,w €
MX*Q, B,y € Q then there exists z € MX*(Q) such that s; 5 zand ufs,yw 5 z;

iii. Foreachx € MX*Q there exists a unique irreducible z € MX*Q such that x - z .

*
Proof: From i. follows immediately ii. since s;w © us,. ii. implies iii.

If x is reduced, then x itself is the unique reduced form of x. In general, suppose that
X = y; = z; where z;,z, are irreducible. The relation applications involved in x - y;,i = 1,2
are either identical or disjoint or ii. applies. In any case, there exists y € MX*Q such that y; =y

and y, —*>y. Choose an irreducible z € MX*Q such that y —*>z. Thus y; —*>Z for each i = 1,2.

Applying the inductive hypothesis twice, each z; = z which implies z; = z,, as required.

It is obvious that iii. implies i. Note first that if iii. holds and u = v, then u and v have the same
irreducible; i. follows immediately if we apply induction on the length of a relation chain which

connects x and y in the definition of the Church-Rosser property.

Proposition 6.3. If all the critical peaks of a presentation are confluent then all the peaks are

confluent.
Proof: It follows directly from the above remarks.

Corollary 6.3.1. If a presentation is noetherian and all its critical peaks are confluent, then it is

convergent.

A noetherian presentation is called complete or canonical if all critical peaks are confluent. The
above proposition, implies the confluence of all peaks and the uniqueness of normal forms.

Thus, if this presentation is finite, the word problem is decidable.
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7. Decision problems.

If (X; R) is a convergent presentation, we denote by X the reduced form of x, that is the unique

x" such that x -»% x’ . By Church-Rosser, we have x <% y if and only if X = .

Consider the following decision problem:

INSTANCE: Two words u, v € MX*(Q;

QUESTION: Does u < v hold?

If this problem is decidable we say that the relation <} is decidable.

Proposition 7.1. If (X; R) is a finite convergent presentation then <y is a decidable relation.

Proof: It would be enough to compare the reduced form which, in this case, are obviously

computable.

If <% is a decidable relation then we say that that the Q-monoid M has a decidable word
problem and this property does not depend on the choice of the presentation as long as this
presentation is finitely generated, i.e. X is finite. Indeed, assume that (X;R) and (Y;S) are
finitely generated presentations of the (- monoid M such that M = M = Ms. Then for every
a € X there exists a word w, € MY*() such that a and w, represent the same element of M. If
we define the homomorphism h: MX*Q - MY*Q by h(a) = w, then for all u,v € MX*Q we
have u &% v if and only if h(u) <% h(v). Thus the word problem for (X; R) can be reduced to
the word problem for (Y;S) and vice versa. Thus the decidability and complexity of the word
problem does not depend on the chosen presentation. Hence, we may just speak of the word

problem for the Q-monoid M.
Proposition 7.2. Convergence is a decidable property for any finite noetherian presentation.

Proof: It follows from the facts that there are finitely many critical peaks in this case and is

easily seen that they are computable.
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8. Reduced presentations.

We say that a convergent presentation (X; R) is reduced if each symbol z € X is reduced, and

p . . .
for each rule x — y the source x is only reducible by p, whereas the target y is reduced. So we
can identify the rule p with its source x. Moreover, each critical peak p is an overlap and is

determined by its source x. So we can identify again p with x.

Proposition 8.1. For any convergent presentation, there is a reduced one with no more symbols

and rules.

Corollary 8.1.1. If M has a finite convergent presentation, then it has a finite reduced

convergent presentation.( see [4])
9. Finite derivation type (FDT).

In the following sections we generalize the results of [1].

Let us first give some background material about monoid presentations, associated graphs and
the property of finite derivation type. So suppose that (X; R) is a -monoid presentation as we
defined it in the previous sections. The (0-monoid defined by (X; R), as we saw, is the quotient
of MX*Q by the smallest congruence generated by R, where R is a Q-string rewriting system.

In fact, we have a graph G = Go(X;R) = (V,E, 0,71, '1) associated with (X; R) as follows:

a) V= MX"Qisthe set of vertices,

b) E={(ualrBv)|uveMX*Qapf € Qand (I,r) € R UR 1}is the set of edges,

c) the mappings o,7:E -V are defined through o(u,a,l, 7 B,v) =ualfv and
t(u,a,l,r,B,v) =uarfv, a,p € Q,

d) the mapping 1. E > E is defined through (w,a, L, 7,5,v)"t = (W, a, 1,1, B, v).

If e = (u,a,lrB,v)is an edge of G and x,y € MX*Q, then xyedy = (xyu,a,l,r, B, v8y) is
an edge of G satifying a(xyedy) = xyo(e)dy and t(xyedy) = xyt(e)dy, and (xyedy)~! =
xye‘16y, a,B,y,6 € Q. Thus, the free Q-monoid MX*Q induces a two-sided action on the

graph Gq. In fact, this action can be extended to paths as follows: if p = e; ce; 0 ...0¢e, and
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X,y € MX*Q, then xapBy = xa;e,01y°xaze;0,y0 ...0oxaze,Bry is a path from
o(xapfy) = xac(p)By to t(xapfy) = xat(p)By , and (xapBy)~! = xap !By where
a,f,aq, .., qy, B, -, P € Q.

Now, let P(Gq) denote the set of all paths in Gg, and let

P@(Gq) = {(p,9)Ip,q € P(Gy),a(p) = a(q),7(p) = 1(q)}-

Thus, with P®(Gq) we denote the set of all parallel paths in P(Gg). (Two paths p and q are
called parallel, which is denoted as p||q, if 6(p) = a(q) and t(p) = t(q)).

A closed path satisfying x = a(p) = 7(p) is called a circuit at x and by P(x) we denote the set

of all circuits at x. By convention, P(x) always contains the trivial circuit i, at x.

An equivalence relation =c P®(Gy) is called a homotopy relation if it satisfies the following

conditions:

a) If ey, e, are edges of Gy, then (e;ya(ez))(t(ey)yes) = (a(e)vez) (eryr(er));
b) 1fp =~ q(p,q € P(Gy)), then uapfv ~ uaqfv forallu,v € MX*Q, a, B € Q;
c) If p.q1.qzs € P(Gg) satisfy (p) = 0(q1) = 0(q2),7(q1) = 7(q2) = a(s) and

q1 = q2, then pqys = pq;s;
d) If g € P(Gg), thenpp™ = 1,(,).

It is seen that the collection of all homotopy relations on P(Gg) is closed under arbitrary
intersection, and so P (Gy) itself is a homotopy relation. Thus, if B € P®) (G (X; R)) then
there is a unique smallest homotopy relation =~ on P(Gq(X;R)) that contains B. This

homotopy relation will be called the homotopy relation generated by B.
Definition 9.1. Let G = G (X; R).

a) D is the following set of pairs:
D=
{(up aq, L1, 1y, Br, V1Y U0 [ Bo1;) ©

(U ay7y P10V UL, @y Lp, T2, Bo, V2), (Wl 101V UL, 4y, 15,2, B, V) ©
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(ug, ay, Uy, 71, B1, V1Yu2a27”2/32172))|(l1, 1), (l;,,) ERUR™Y),uy,v; €
MX*.Q, (li,ﬁi,]/ € .Q, i = 1,2}
b) I ={(ece t,(w))|eisanedgeof G, witho(e) =w,w € MX*Q}.

D is called the set of disjoint derivations, while I is the set of inverse derivations. Notice that D

and I are subsets of P(®)(Gy).

Theorem 9.2. Let (X; R) be a 2-monoid presentation, and let Gy denote the associated graph,

let B € PP (Gy), and let xS PP (Gy) be defined as follows:

~={(pouaqfveor,pouaq,fver)|u,v e MX*Q,a,pB € Q,p,r € P(Gy) and (q1,q;) €
D U1 U B such that t(p) = uao(q,)Bv and o(p) = uat(q,)Bv}

Then the homotopy relation =5 generated by B is the smallest equivalence relation on P(Gg)

that contains the relation =.
Proof: In the same way as in Theorem 3.4. in [1].

Definition 9.3. Let (X;R) be a Q-monoid presentation, where  is a finite set of binary
operations, and let Go denote the associated graph. We say that (X; R) has finite derivation
type (FDT) if there is a finite subset B € P®)(Gg) which generates P (Gg) as a homotopy

relation, i.e., P®)(Gy) is the only homotopy relation on P(Gg) that contains the set B.

Remark 9.3.1 Another definition for FDT:

For a subset C of || (i.e. of P (Gg)) , the homotopy relation ~. generated by C is the smallest
(with respect to inclusion) homotopy relation containing C. The homotopy relation generated
by the empty set @ is denoted by ~. If C coincides with ||, then C is called a homotopy base for
Gq- The presentation (X; R) is said to have finite derivation type (FDT) if the derivation graph
Gq of (X;R) admits a finite homotopy base where (1 is a finite set of binary operations. A

finitely presented 2-monoid M is said to have FDT if some finite presentation for M has FDT.

Definition 9.4. Let (X;;R;) and (X3;R,) be two Q-monoid presentations, let G4 denotes the

graph associated to (X;; R,), and let f: MX;Q — MX5Q be a morphism. We call f a mapping of
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Q-monoid presentations if it satisfies the following condition: For all (I,7) € Ry, there is a path

in G4 from £ () to f(r).

In the situation of Definition 9.4., we will give some notational conventions. First, for each
(1,r) € Ry, we will choose a path p;,. € P(G§) from f(1) to f(r). If (f(1),f(r)) € R, UR;?,
then we choose the corresponding edge of G3. If f(1) = f(r), then we choose the path (f(1))
of length 0. Next, by p,.; we will denote the path pl}l from f(r) to f ().

Let G& denote the graph associated to (X;; R;). Based on the morphism f: MX;Q — MX;Q and
the choice of paths p;, we define a mapping F:G§ - G§ as follows: F = (fy, fz), where
friMX{Q —» MX;Q is simply the morphism f, and fz(u,a,l,7,5,v) = f(wWap,Bf (v) for all
u,v € MX;Q and (L) ERUR™L, a,f € Q. Then fz(u,a,l,r,B,v) is a path in Gé from
faf(OBf W) = fy(walBv) = fy(o1(w,a, L7, B,v)) to fWaf()Bf(w) = fy(uarpv) =
fV(Tl(u, al,r, B, v)). Thus F is a mapping from G to G& in the sense of definition we gave
above. We will say that the mapping F: G4 — G& exhibits the mapping f from (X;;R,) to

(X3; R3). To simplify the notation we will write F to denote f;, as well as fz.

Theorem 9.5. Let (X;;R;) and (X3;R,) be two Q-monoid presentations with associated
graphs G} and G3, respectively, let F: G5 = G& be a mapping that exhibits a mapping f from
(X;;Ry) to (X3 Ry), let By € PPA(GY) and let =S PP (G3) be a homotopy relation. If
F(p) = F(q) holds for all (p, q) € By, then F(p) = F(q) forall (p, q) satisfyingp =g _q.

Proof: Let ~; denote the relation on P(G}) that is defined from B; as in Theorem 9.2., and let
D, and I; denote the corresponding sets of pairs of paths as they are defined there. Then, =g
is the equivalence relation on P(G}]) generated by =;. Using the facts that = is an equivalence
relation on P (G3), and F exhibits a mapping f from (Xy; R;) to (Xy; R,), it suffices to prove
only that from (p,q) € D; U I; U B, it follows that F(p) = F(q).

If (p,q) €B;, then F(p) = F(q) by the hypotheses. If (p,q) € D,;, then there are

(I;,11),(l,15) € Ry URS! such that

p = ((ulr a, llr LY ﬁ! UlyuZQZZZBZUZ) ° (ulalrlﬁlvlyub 6' 12' 2 U, UZ)) and
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q= ((u1a1l1.31v1)’u2» 8,1, 1o 1, v2) 0 (ug, 14,11, B, 171]’“2“27”252172)), where u;, v €

MX7iQ,i=1,2,(l,1),(Uz1) ERy BV, 0, LEQ, a;, B €N, i=12.

Since F exhibits a mapping f from (X;; R;) to (X,; R;), we have:

F(p) = fe(uy, a, ly, 11, B, viyuaaz L ,v5) = fv(ul)apll,rlﬁfv(Uﬂ’uzazlzﬁzvz)

and

F(q) = fruiail1$1v10uy, v, 1y, 13, uvy) = fV(u1a1l1ﬁ1v1)’u2)5plz,r2lifv(Uz)

Using the induction on the combined length of the paths p; . ,pi,r, it is easily verified that
F(p) = F(q) holds. If (p,q) € I;, then there is an edge e of G§ with o,(e) = w such that
p=(w,ert.(e),e l,w) and g = (w). But F(p) = fg(e) o fz(e™!) =p, o p;! for some path
P in G3 satisfying 0,(p.) = f(w), and F(q) = (f(w)). From the definition of homotopy
relation, it follows that p, e p;* = (f(w)) which means that F(p) =~ F(q) and this completes

the proof of the the theorem.

Corollary 9.5.1. Let (X1;Ry) , (X33 R,), G& , G3, F:G§ — G& and B; € PP (G}) be as in the
statement of Theorem 9.5., and B, = {(F(p),F(q))|p,q € Bl}. Then, for all p,q € P(G}),

p =g, q implies that F(p) ~g, F(q).

The Q-monoid M presented by (X; R) has infinitely many different finite presentations. We will
show that every other finite presentation of the (Q-monoid M has finite derivation type if
(X; R) has FDT, i.e., the property of having finite derivation type does not depend on
presentation and is an intrinsic property of the 2-monoid presented. To show this we need the

notion of ()-Tietze transformation.

Definition 9.6. Let (X;R) be a (-monoid presentation. The following four types of

transformations of (X; R) are called ()- elementary Tietze transformations:

. If u,v € MX*Q such that u &% v, then the presentation (X;R U (u,v)) is obtained

from (X; R) by adding a defining relation,
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Il.  If w,v €Rsuchthat u & v, where R; = R — (4, v), then the presentation (X; Ry) is
obtained by (X; R) by deleting a defining relation.

. If ue MX*Q and a ¢ X is a new symbol, then the presentations (X U {a}; R U (a,u))
and (X U {a}; R U (u, a)) are obtained from (X; R) by adding a generator.

IV. If a€X, and u € M(X — {a})*Q such that (a,u) ER or (u,a) ER, then the
presentation (X —{a};R,) is obtained by (X;R) by deleting a generator. Here,

R, = {(goa(l), goa(r))|(l, r)) €ER —{(a,u), (u, a)}} where @ :MX*Q > M(X — {a})*Q

is the morphism defined through ¢,(b) = bifb € X —{a}and ¢,(b) = uifb = a.

It is easily verified that the Q-monoids M; and My, are isomorphic whenever (X;; R;) and
(X3; R;) are two Q2-monoid presentations such that (X;; R;) can be transformed into (X;; R,)
through a finite sequence of (- elementary Tietze transformations. The following is the main

result on (- Tietze transformations.

Proposition 9.7. Let (X;; R1) and (X3; R,) be two finite presentations of the same (-monoid.
Then there exists a finite sequence of ()- elementary Tietze transformations that transforms the

presentation (X;; R;) into the presentation (X,; R;).

For each ) -elementary Tietze transformation, we will prove a corresponding technical lemma
which in essence expresses the fact that if (X;;R;) is a finite presentation that has finite
derivation type, and if (X;; R,) is obtained from (X;; R;) by that type of Q -elementary Tietze
transformation, then (X;; R,) has finite derivation type as well. From these lemmata and the

Proposition 9.7., we get our first main result.

Theorem 9.8. Let (X;;R;) and (X3;R,) be two finite presentations of the same (-monoid.
Then the presentation (X;;R;) has finite derivation type if and only if the presentation

(X3; R;) has finite derivation type.

Thus, as we mentioned above, having the finite derivation type is an invariant property of

finitely presented ()-monoids.
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Lemma 9.9. Let (X;R) be a finite 2-monoid presentation, let u,v € MX*Q be such that
u o, v, and let (X;R,) = (X;R U (u,v)). If (X;R) has finite derivation type, then so does
(Xi R1)-

Proof: First, we assume that u # v and (v,u) € R, since for us a string- rewriting system is
always irreflexive and anti-symmetric. Let G, denote the graph Go(X;R) associated with
(X;R), and let G} denote the graph Go(X;R;) associated with (X;R;). If (X;R) has finite
derivation type, there exist a finite set B € P (G,) such that ~z= P(Z)(GQ). We will define a
finite set B; € P (Gg) such that ~5 = PP (GY). It can be easily seen that G§ is obtained
from G by adding certain edges. We define a mapping from Gé to G as follows. Since
u ©% v, there is a path p, , from u to v in Gg. On the subgraph G S G, we define f to be
the identity. On the additional edges f is defined as follows: f((x, a,u, v,,B,y)) = xapy,By
and f((x, a,v, u,,B,y)) = xapy, By for all x,y € MX*Q. Then f: Gy = Gq is a mapping of

graphs. Define now the set B; € PA(GY) as

B, = {((Aa, a,u,v, B, )l[;),pu_,,), ((/1“, a,v, u,[)’,/lﬁ),p;},)} U B. Then B, is a finite set of pairs

of paths in G§.

Claim: For all (p,q) € P(Z)(G}]), if f(p) =5 f(q), thenp =5 q.

Proof: Using the pairs in B; — B and the induction on the number of edges from G — G, that

occurin p it can be easily verified that p =5 f(p) for all paths p € P(G}).

Let (p, q) € PP (GR). Then (F(p), f(q)) € PP (Gg), and hence, if f(p) =5 f(q), then, since
B € By, thisyieldsp =g f(p) =5, f(q) =5, q.

Since ~z= PP (Gy), we have f(p) =5 f(q) for all (p,q) € PP (GY). So, B; € PP (GY),

which means that (X; R;) has finite derivation type. This completes the proof of Lemma 9.9.

Lemma 9.10. Let (X; R;) be a finite Q-monoid presentation, and let (u, v) € R, be such that

u <% v, where R = Ry — {(u, v)}. If (X; R;) has finite derivation type, then so does (X; R).
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Proof: Let Gg = Go(X; R), and let G = Go(X; R;). Then G, is obtained from G} by deleting all
edges of the form (x, a,u,v,B,y) and (x,a,v,u,B,y), x,y € MX*Q. Thus, G is a subgraph of
G}Z. Since, u ©% v, we can choose a path p,, from u to v in Go. We will define , now, a
mapping of graphs f:G3 — Gg in the same way as in the proof of Lemma 9.9. Let B; C
P@(G}) be such that ~5 = P@(G}) and let B = {(f(p),f(@))|(p,q) € B1}. Thus, if By is

finite, then B is a finite subset of P®(Gy).
Claim: For all (p,q) € P@(Gq), p =5 q.

Proof: Let (p,q) € PP (Gg). Then (p,q) € PP (G}), and hence, p ~p q. Then, by Corollary
9.5.1. it follows that f(p) =5 f(q). But, since (p,q) € PP (G;), we have f(p) =p and
f(CI) = q, i'e'l p =B q

Lemma 9.11. Let (X; R) be a finite Q-monoid presentation, let u € MX*(), and let a € X be a
new letter. If (X; R) has finite derivation type, then so does (X;; R;) = (X U {a}; R U (a,u)).

Proof: Let Go = Gqo(X; R) be the graph associated with (X; R), and let B € P (Gg) be a finite
set such that =z= P®)(G,). Next, let G = Gqo(X;; Ry) be the graph associated with (X;; R;).
We see that G is a subgraph of G and define a morphism f: MX;Q - MX*Q by f(b) = b if
b € X and f(b) =uif b = a. Then f is a mapping of Q-monoid presentations, according to the
corresponding definition. For each (I,7) € R, we choose the path (1,, a, 1, r,ﬁ,/lﬁ) of length 1
from [ to r, and for (a,u) € R;, we choose the path (u) of length 0 at u. In this way we obtain
a mapping f: G}Z - Gqo that exhibits the above mapping of Q-monoid presentations as
described after definition we mentioned above. In fact, f maps G}z onto Gg, and taking its

restriction to G, f is the identity mapping.

H — 2 2 1 ~ H
Finally, we take B; = B € P®(G,) € PP (GY). By ~p we denote the homotopy relation on
P(GQ) that is generated by B;. We claim that ~p = P®@(G}). To prove this claim we will need

to prove a sequence of intermediate claims.

Let Gg denote the subgraph of Gé that has the same vertices as Gé, but that contains only

those edges (x,a,l,7,[5,y) of G} for which (I,7) = (a,u) or (I,v) = (u,a). By P,(Gg) we
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denote the sets of those paths in 59 that only contain edges of the form (x, @, a,u, 8, y) where
x,y € MX;Q, and by P_(Gg) we denote the set those paths in G that contain only edges of
the form (x, a,u,a, B,y) where x,y € MX{Q. Let = denote an arbitrary homotopy relation on

P(Gg). Then

Claim 1. Let w € MX;Q. Then there is a path p,, € P, (Gg) from w to f(w), and any two such

paths are homotopic mod =.

Proof: If w =vya;af,v10,aL2V;5 ..V 10maPmVm, Vi € MX*Q, a;, B € Q,i =0,1, ..., m,

a & X then
Pw = (W, (g, @10y, a1 ufy, V1,0 B2V; . Vi1 n QB Vi),
Vo UB1V1A2aL5V5 . Uy 1 A AP,
ey (V0@ UB V1 02aPo V5 .. Ui—q, @1 APy, @1 UPY, Vi), f(W))

is a path from P, (Gq) and t(py,) = f(w). If p’ € P,(Gy) is another path from w to f(w), then
pw and p’ are different only in the order in which the occurrences of the letter a are replaced

by the string u, and, in this case it is easily verified that p’ = p,, holds.

Claim 2. Let p € P(Gg). Then there exist paths p, € P,(Gg) and p_ € P_(Gg) such that

a(p) =a(ps), 1(py) = a(p-), t(p-) =t(p)andp = p,op_.

Proof: Let p = e; o e, o ...0 e,,,, where ey, ..., e,, are edges of G,. If p itself has not the required
form, then there is an index i<m such that e =(x;,a,u,apF,y;) and
eiv1 = (Xiz1,V, 4, U, 6,¥i41). If x; = x;,4, then the edges e; and e;,, are inverse to each other,
and hence,p = ejoe;0...€,_1°€;45° ..o ey. If x; # x;11, then from the relation x;aafy; =
X;i;1Yady;+, it follows that these edges have as necessary consequence the disjoint

applications of relations. In fact, if x; = x;,.,ua9z;,1 and y;,1 = z;,1valy; then
€i°€i+1

= (Xi+1UQ0Z; 11 VUAY;, X141 UADZ1 11 VAAY;, X UUD Z; 1 VAAY;)
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= fi° fir1
So,p=ejoe;o..€_4 ofl- °fi+1 © €470 ...0 €.
Repeating this procedure we get that p is transformed into a path of the required form.

Claim 3. Let (x,a,1,7,,y) be an edge of G} such that (I,7) € RUR™, let p, € P,(Gg) be a

path from xyl8y to f(xyl8y) and let p_ € P_(Gy) be a path from f(xyrdy) to xyrsy. Then

(v18y, (x,a, L7, B,),xyrdy) = p, o (f Cevlsy), (f G, a, L, B, F ), f evrsy)) o v,

where ([,7) € RUR™ L.

Proof: If x,y € MX*Q, then f(xyldy) = xyldy and f(xyrdy) = xyrdy and in this case, our
problem is resolved and so we have nothing to prove. Assume that x{y contains occurrences
of the letter a. Thus we will have x=xy1af:1%102Q ...%pm_10naPBmXm and
Y = Yol1a01Y1 e Vn-1Mn@0Vs. By Claim 1, there is a path p, € P,(Gqy) from xyldy =

XoQ1AP1X1 020 <. Xy 1 A AP XY 8 Yo 11001 Y1 - Y- 10 Q@0n Y tO

f(xyldy) = xoaquP1 X1 QU ... Xy ApUPBmXm Y 8 Yo 1 U011 . Y1 MnUTp Yy and
XYréy = Xo1af1X102Q ... X1 O AL X YT 0 Vol @01 Y7 - Vi1 Un Q00 Yy, tO
f(xyréy) = xoa1uP1 X1 AU .. X1 CnUBm XY TEYo 1 U1 Y1 . V-1 HnUTn Y-

Next, the path p,op;! is homotopic to the empty path (xyl§y), and so
(xylsy, (x,a, L1, B,v), xyr8y) =~ p,opite (x,a,l,1,B,y). Here, we describe paths or parts
of paths by displaying the edges used, for simplicity. Since the relations used in the path p;?!
and the relation used on the edge (x, a,[,7, 3,y) are disjoint, the repeatedly application of the
Definition of homotopy gives a path of the form p, o (f(x),a, I, 7, B, f(¥)) o p_ from xylSy to
xyrdy where p_ € P_(Gy).

Claim 4. Let p € P(G}). Then there exist paths p, € P,(Gg), q € P(Gg) and p_ € P_(Gq)such
thata(py) = a(p), 7(p4) = f(a(p)), 0(q) = f(o(P)), 7(q) = f(z(®)), o (p-) = f(z(»)),

t(p-) =1(p),andp =pyoqop_.
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Proof: Let p € P(GQ) be a path from g to h. By Claim 3 we can replace each edge of the form
(x,a,l,7,B,y),(,v) ERUR™L, by a path from xylSy to f(xylSy), then the edge
(fx),a,L,r,B, f(y)), and next a path from f(xyrdy) to xyrdy. Thus, we can assume that
whenever (x,a,l,r,,y) is an edge of p such that ([,7) € RUR™1, then x,y € MX*Q. We can
now factor p presenting it in the form p =pgeoqy op1° ..o g, © pn, Where py,py, ..., Pn €
P(GQ) and q4,92, -, qn € P(Gg). If n =0, then f(g) = f(h). By Claim 2, p =~ p, op_ for
some paths p; € P,(Gq) and p_ € P_(Gq). If ©(p;) &€ MX*Q, then applying Claim 1 there is a
path p € P,(Gg) such that p} leads from t(p,) to f(7(p;)) = f(g). Hence, p = p, o p} ©
() Yop_,pyopl € P+(G~Q) and (p,) top_€ P (G’Q) satisfying the required properties. So
let n > 0. But q; € P(Gg), implies that a(q;) = t(py) € MX*Q. Thus, a(p,) = a(p) and
7(po) = f(a(p)). Applying Claim 2 we can replace p, by a path p, € P,(Gg) from o(p) to
f(o(p)). In the same way, we can replace p,, by a path p_ € P_(G~Q) from f(z(p)) to 7(p).
Finally, let i € {1,2,...,n — 1}. Then p; € P(ﬁg) is a path from 7(q;) € MX*Q to d(qi+1)) €
MX*Q. Since p; € P(Gg), we have 7(q;)= o(p;) = f(c()) = f(z(p:)) = 0(qi+1) and so, by
Claim 2, p;=(o(p)). Hence, p=pPo°qi°P1°..°qn°Pn =D+°q1°G2° ..o qpn°]-.

Choosing g = q; © q, © ...o g, we obtain the required result.
Claim 5. =5 = PP (GY).

Proof: Let (p,q) € PP (G}). Applying Claim 4 we get p ~p PyoP1op-and q=p qy°q;°
q-, where p,,q, € Pr(Go),p_,q- € P_(Gq) and p;,q; € P(Gy) are such that o(p;) =
fle®), () = f(z(P)), 0(q1) = f(o(q)) and 1(q1) = f(z(q)). Since a(p) = a(q), we
have a(py) = f(o(®)) = f(o(q)) = 0(q1), and since 7(p) =71(q), we have (p,) =
f(T(p)) = f(T(q)) = 7(q,), which implies that (p;,q;) € P (Gg). But we choose B = B,
and so p; =g, q;. By Claim 1 p, =g q,, since a(p;) = a(p) = a(q) = o(q4) and t(p;) =
fle®) = f(a(q)) = 7(q+). In the same way, p_ =p q_. Thus, p =p psepop_ = qy o
q1°4q- =p, 9.

We conclude that if (X; R) has finite derivation type, then so does (X;; R;) and the proof of

Lemma 9.11. is completed. We obtain the analogous result if (X;;R;) = (X U {a}; R U (u, a)).
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Lemma 9.12. Let (X;; R;) be a finite Q-monoid presentation, and let (X; R) be obtained from
(X1; Ry) by an Q- elementary Tietze transformation of type IV. If (X;; R;) has finite derivation
type, so does (X; R).

Proof: Let a € X;, let X =X; —{a}, and let u € MX*Q such that (aq,u) ER, and R =
{(pa (D, <pa(r))|(l, ) € Ry — (a,w)}, where ¢, MX;Q > MX*Q is defined as @, (b) = b if
b € X, ¢,(b) =u if b = a. Using Q- Tietze transformations of type | and Il the presentation
(X1; Ry) can be transformed into the presentation (X;; R U (a,u)). So, if (X;; R1) has finite
derivation type then, by the above lemmata, this presentation has FDT, as well. Thus, we may
assume, without loss of generality, that for all (I,r) € R; — {(a,u)}, neither [ nor r contains an
occurrence of the letter a, i.e., R = R; — {(a,u)}. Let Go = Go(X;R) and G = Go(X1;R,)
denote the graphs associated to (X; R) and (Xy; R;), respectively. Further, let B; € P@(G})
be such that ~p = P(z)(G}Z) . Proceeding as in the proof of Lemma 9.11. we obtain a mapping
f: Gé - Gq that exhibits the mapping ¢, of (Q-monoid presentations. We now choose

B ={(f(),f(@)I|(p,q) € B;} € PP (Gy). So, it is enough to prove the following
Claim: For all (p,q) € PP (Gy), p =5 q.

Proof: Let (p,q) € PP (Gg). Then (p,q) € PP (G}), and hence p ~p q. By Corollary 9.5.1.

this implies that f(p) =5 f(q). But, since p,q € P(Gg), we have f(p) =p,f(q) =q, i.e,
b =Bq.

10. Finite presentation of M and FDT.

Let R be an Q-string rewriting system in X. Recall that with IRR(R) we denote the set of all
irreducible strings modR. An Q-string rewriting system R is called normalized if range(R) S
IRR(R), and if, for each rule (I > r) € R,l € IRR(R—{(l » r)}). A convergent Q-string
rewriting system that is also normalized is called canonical. For each finite convergent Q-string
rewriting system R, it can be determined a finite canonical Q-string rewriting system system R;
such that R and R; are equivalent in the sense that R and R, are defined on the same alphabet

and <—>}}=<—>}}1. This result is proved in the same way as in [5].
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An Q-monoid presentation (X; R) containing a canonical -system will be called a canonical Q-

presentation.

Let (eq, e;) be a critical peak of edges. An orderd pair (py,p2) of paths p;,p, € P, (Gg) is called
a resolution of (eq, e,) if a(p,) = t(e1),a(p,) = t(e;) and 7(p,) = t(p,) hold.

For each critical pair of edges (eq, €,), let (p1, ;) denote a fixed resolution.

Theorem 10.1. Let (X; R) be a Q-canonical presentation, let Gy be the graph associated to

(X;R),andlet B < sz)(GQ) such that B is the set of pairs of the form (e; o py, €, © p;) where

(eq, e) is a critical peak of edges and (p4, p,) is the chosen resolution of (e, e,).

Then =z= P@(Gy) where =5 denote the homotopy relation on P(Gg,) that is generated by B.

Observe that the set B is a subset of P+(2)(GQ) since e; o py, e, 0op, € P.(Gg) for all pairs

(e1 °op1,e; °p2) € B. Note, also, that B is a finite set if R is finite.
So, we obtain immediately our main result:

Theorem 10.2. Let M be a finitely presented )-monoid. If M has a presentation (X; R) involving

a finite convergent Q-string rewriting system R, then M has finite derivation type.

Proof: Since M has a finite presentation (X; R) such that R is convergent, it also has a finite
canonical presentation (X;; R;). The notion of equivalence of string rewriting systems has to
do, as we know, with the congruence on the free monoid generated by the alphabets of the
two systems. The alphabets must be the same, and the systems are equivalent if and only if
they generate the same congruence on the corresponding free monoid. It is easily seen that if
(X; R1) and (X; R;) are two equivalent string rewriting systems, then the Q-monoids M, and
Mpg,are identical. So, they are isomorphic, as well. Now, M has a finite presentation (X;R)
where R is convergent. So, it has a finite canonical presentation (X;; R;), as well. The set of
critical peaks of R; is finite. It follows, from this, that the set B corresponding to (X;; R;) is
finite. Applying, now, the Theorem 10.1 and Theorem 9.8 we conclude that each finite

presentation of M has finite derivation type.
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It remains to prove the Theorem 10.1.
First, we will prove the following

Lemma 10.3. Let w € MX*Q and z € IRR(R), and let p;,p, € P,(Gy) satisfying o(p;) = w =
o(pz) and 7(p1) = z = ©(p2). Then p; =g p,.

Proof: Let us apply the Noetherian induction. If w is irreducible, then w = z. Since p;,p, €
P, (Gg), these two paths must be both the corresponding path of length 0, and so p; = p,. If w
is not irreducible, then both p; and p, have length larger then 0, since z is irreducible. So, there

are edges f; and f, and paths g; and g5, all from P,(Gg), such that p; = f; o q;,i = 1,2. Let
w; = 1(f) = 0(q), i = 1,2.

Claim: There exist a word w' € MX*Q and paths g;,9, € P,(Gg) such that o(g;) =

w;, T(g;)) =w',i=1,2and f; o g, =p f2° g5.

Proof: If f; = f,, then w; = w, and we can take g; and g, to be the corresponding paths of
length 0. If f; = (v, a,ly, 11, B, vial,0,v,) and f, = (Vo l1f1V1,7, L2, 12, 8,V,) then we
choose g, to be the path consisting of the single edge (voa11161v1,7, L, 15,8, v5) and g, to be
the path consisting of the single edge (vy, a,ly,11, B, V1,1, 8,1,). Then from the definition of
homotopy relation, it follows immediately that f; o g ~p f5 ° g,. If, now, there are words
x,y € MX*(Q) and a critical peak of edges (eq,e;) such that f; = xa;e;B;y,i = 1,2, then we
choose g; = xa;q;B;y,i = 1,2 where (q1, q3) is the chosen resolution of (e, e,). But, the fact
that (e;°qy,e;°q3) €B, implies that fj0 gy =xaie;f1y o xa1qif1y = xas(eg o
q1)B1y =g xay(e; 0 q3) B2y = xa,e;,B,y © xa,q38,y = f> © g,. So, the result of the claim is

true.

The result of the Lemma 10.3. follows, now, immediately from the facts that R is canonical and

by the induction hypotheses.

Lemma 10.4. Let p € P(Gg) be a path from w; to w,, let z;,z, € IRR(R) and let py,p, €

P, (Gg) be such that o(p;) = w; and t(p;) = z;,i = 1,2, and p ~g p; o p; *.
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Proof: Notice, first, that o(p) = w; and t(p) = w, imply w; & w,. Hence, since R is
canonical, we have z; = z,. So, it remains to see if p ~p p; o p; 1. We use the induction on the
length n of the path p. If n = 0, then w; = w,, and p; =5 p, by Lemma 10.3., and from this it
follows that p; o p; 1 =5 (w;) = p ( by the definition of homotopy). If n > 0, then there exist
w € MX*Q, a path q € P(Gq) from w; to w of length n — 1, and an edge f of G from w to w,
such that p=qo f. Let g, be a path from P,(Gg) that leads from w to z; = z,. By the
induction hypothesis we have q =5 p; o g;1. If f is an edge from P,.(Gg), then q,, f op, €
P,(Gg) both lead from w to z;. Thus, by Lemma 10.3., q, =5 f o p,. This implies that
P1ops =pp1opz of tef =ppieqytof =5 qef =p.Iffisanedgefrom P_(Go), then
f~1oq, p, € P.(Gy) both lead from w,, to z;. By Lemma 10.3,, it follows that f 1 o q, =5 p,,

andso, pyop;t =ppieqylef=pqof=p

Now, the result of Theorem 10.1. follows immediately.

Proof of Theorem 10.1.: Indeed, let (p,q) € PP (Gg) and let w; = o(p) and w, = 7(p). Next,
let ry, 1, € P, (Gg) such that a(r;) = w; and ©(1;) € IRR(R), i = 1,2. Since R is canonical, we

note that 7(ry) = 7(ry), and that p =5 r; o ;! =5 q, by Lemma 9.4. Hence, ~3= PP (Gy).
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